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1. Introduction 
Let Km,, be a complete bipartite graph with two partites having m and n vertices, 
respectively. For any positive integer p, a path on 2p vertices is denoted by PZp. 
A subgraph F of K,,. is called a spanning subgraph of K,,. if F contains all the 
vertices of K,, n. A PZdfactor of K,,, is a spanning subgraph F of K,, ,, such that every 
component of F is a PZp. It is clear that a graph with no isolated vertices is uniquely 
decided by the set of its edges. So, in this paper we consider a graph with no isolated 
vertices to be a set of 2-element sets of its vertices. A Pz,-factorization of K,,. is a set of 
pairwise disjoint PZ6factors of K,,, that partition the set of edges of K,,.. In this paper 
we give a necessary and sufficient condition for K,,, to have a PZdfactorization. 
Theorem. K,,. has a Pz,-factorization if and only if m = n and m = 0 (mod p(2p - 1)). 
2. Proof of The Theorem 
Theorem 2.1. If K,,, has a P&actorization, then K,,,,, has a P,,-factorization 
for any positive integer s. 
Proof. We just outline how to construct a Pxdfactorization of K,,,,, and the reader 
can easily understand it. Since K,,, is l-factorizable [l], let Fi (1 <i <s) be a 
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l-factorization of it. For each 1 <i<s, replace every edge of Pi with a K,,, to get 
a spanning subgraph Gi of K,,,,, such that Gi (1~ i < s) are pairwise edge-disjoint and 
their sum is K,,,,,. For each 1 d i <s, since K,,, is Pz,-factorizable, Gi is also 
PZ6factorizable. And, consequently, K,,, ms is PZ6factorizable. 0 
Theorem 2.2. K,,, has a P,,-factorization ifand only ifm = n and m = 0 (mod p(2p - 1)). 
Proof. Suppose K,,, has a PZdfactor F and F has t components. Then m =pt = n and 
1 FI =m(2p- 1)/p is an integer that does not depend on individual PZ6factors. Thus, 
if K,,, is PZdfactorizable, then m2/(m(2p- 1)/p) is an integer, that is, pm/(2p- 1) 
is an integer. Since (p, 2p- l)= 1, t/(2p- 1) must be an integer and, therefore, 
m s 0 (mod p(2p - 1)). 
Now suppose m = n and m = 0 (mod p(2p - 1)). Let m = p(2p - 1) s for some positive 
integer s. Let q=2p- 1. By Theorem 2.1, we only need to prove K,,,,, to be 
P2,-factorizable. Let X and Y be the two partites of K,,,,, and set 
x'(Xi,jl ldi<p, l<jdq}, 
Y={_Yi,jll Gidp, 1 QjGq}. 
We are to construct PZdfactors and remark in advance that the addition in the first 
subscripts of xi, j’s and yi,j’s is taken modulo p in { 1,2, . . . , p} and the addition in the 
second is taken modulo q in { 1,2, . . . , q). 
Let 
E2i-1=(Xi,jYi,(j+*i-2)11~j~4) for l<i<p, 
E2i-2=(xi,jY~i-1),(j+2i-3)l l QjGd for 26iGp. 
Intuitively, if, for each 1 $ j<q, we identified Xi,j as Xj and yi,j as yj for all 1 d i 6p, 
then Ek (1 < k < q) would be a l-factorization of a K,,, . 
Now, let F = u;fZI Ek. Then F is a PZ6factor of K,,,,,. Define a bijection CJ from 
XUY onto XUY in such way that O(Xi,j)=Xi+,,j and O(yi,j)=yi+i,j for all 1Qidp 
and l< j<q. For each 1 <i, j<p, let 
Fi,j= {gi(X) G”(y)] xEX, YE Y, XYEF}. 
It is easy to show that Fi,j (1 d i, j<p) are pairwise disjoint P,,,-factors of K,,,,, and 
their sum is K,,,,,. 
In summation, Theorem 2.2 is proved. 0 
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